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Abstract

Set and multi-set constraints are very common in specification of data
structures such as arrays or binary search trees. Then, to verify the cor-
rectness of the implementation of such data structures, the verification
tools need decision procedures for checking the satisfiability of such con-
straints. This report provides a survey of the existing decision procedures
for the constraints over set and multi-set of integers. Moreover, it reports
on an implementation of such decision procedure on the top of existing
solvers for arithmetical constraints.
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1 Introduction

Multi-set (aka bag) constraints are very useful for the specification of constraints
over data structures. For example, the inductive definition of a binary search
tree storing integer values rooted at £ and having the multi-set of values M is
specified by the following inductive definition in Separation Logic:

bst(E, M) :=E=nilANM =[] (1)
bst(E, M) ::=3L,R,d. E — {(left, L), (right, R), (data,d)} (2)
*bst(L, My) xbst(R, MR)
ANE#nilANMp <[d] < MRAM = My, & [d] ® Mg

The first equation specifies the case of an empty tree, where the root E is null
and the parameter M is an empty bag. The second equation specifies a non null
node at location F where the fields left, right, and data contain as values L,
R, resp. d (atom E — {(left, L), (right, R), (data,d)}). The locations L and
R are roots of binary search trees of values in My, resp. Mp (atoms bst(L, My,)
resp. bst(R, Mg)), disjoint pairwise and from the node at E (due to the use of
the separation conjunction ). The constraint between the multi-sets of values
and the value d, My, < [d] < Mg, specifies that all values in the left sub-tree
are less than d and d is strictly less than all values in the right sub-tree.

This report provides a detailed presentation of two decision procedures for
checking satisfiability of quantifier-free formulas including linear integer con-
straints and constraints over multi-sets of integers. The multi-set constraints
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include classical atoms, like multi-set inclusion or membership, as well as con-
straints ordering multi-sets with respect to their elements or constraining the
minimum or maximum of a multi-set.

The decision procedure is based on the rewriting of a multi-set formula ¢
into an equi-satisfiable formula ¢ in quantifier free logic of linear arithmetics.
The latter logic is called QFLIA theory in SMTLIB format [2] and it is the input
theory of very efficient solvers, e.g., CVC4 [1]] or Z3 [3]. Moreover, because these
solvers support also an extension of this theory with uninterpreted functions,
we provide an alternative rewriting of ¢ into this theory.

First, we define the logic QFBILIA and its semantic [5]. Second, we explain
the procedure reducing QFBILIA formula to QFLIA [6]. Third, we explain the
procedure reducing QFBILIA formula to QFUFLIA. Finally, we discuss the im-
plementation choices and some implemented optimisations.

2 Logic QFBILIA

This section presents the logic fragment of quantifier free logic over bags of
integers and linear arithmetics, QFBILIA. We provide its syntax, its semantics,
and the sub-fragments used in the decision procedures described in Sections [3]
and @

2.1 Syntax

We denote by L, T the extremum term such as Vk € Z,k > 1, resp. k < T,
we have L < T [5]. We donote by Z= the set Z U {L, T}. We use the classic
notations for operations over Z. Integer constants are denoted by k, natural
ones by n. Let Vi = {a,b,¢,...} be a finite set of symbols denoting integer
variables, i.e., variables with values in Z. Let Vi = {m,n,p, ...} be a finite set
of symbols denoting extremum variables, i.e., variables with values in Z~. We
denote by M[Z] the domain of bags over integers, i.e., the set of functions Z — N.
Let Viag = {2,y,2,...} be a finite set of symbols denoting bag variables, i.e.,
variables with values in M[Z]. We suppose that Vi, Vg and Vi, are disjoint
and we don’t write explicitly the type (Z, Z~ or M[Z]) of each variable.
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Definition 1. A QFBILIA formula F is defined by the following grammar:

Fu=L|FVF|FANF|-F|F=F formula
L = Lint | Lbag | Lmiz | Leat boolean atom
Lint 2= Tint = Tint | Tint 7# Tint | Tint < Tint | Tint > Tin
Lewt = Tewt = Tewt | Tewt # Teat | Teat < Teat | Tewt > Teat
Lyag 2= Thag = Thag | Toag # Thag | Toag € Thag | Toag € Thay |
Trag < Tvag | Trag = Thag
Lipiz = @ € Thag | a & Tpag | @ €" Thag | a &" Thag |
M € Thag | M & Thag | M €™ Thag | m " Thay

Tint =k | a| Tint + Tint | Tint — Tine | integer term
max(Tint, Tine) | min(Tine, Ting) | ite(F, Ting, Tint)

Tegt ==k | m | min(Thag) | max(Tpeg) | ite(F, Text, Teat) extremum term

Thag =[] | [a] | [m] | 2 | Tbag U Thag | Toag N Thag | bag term

Tbag \ Tbag | Tbag W Tbag | ite(F; Tbaga Tbag)

We denote by F the set of formulas in QFBILIA, by Tin: the set of integer terms,
by Text the set of extremum terms, and by Tpeg the set of multi-set terms.

For a formula F, we denote by Vit (F'), Ve (F) and Vigqe(F) the set of
integer, resp. extremum, resp. multi-set variables used in F'. We denote by
V(F) = Vipte(F) U Vegt (F') U Viag(F) the set of variables used in F'. The same
notation is overloaded for atoms and terms in QFBILIA. For a formula F', we
denote by Lini(F), Lyag(F), Legt(F) and Ly, (F') the multi-set of integer, resp.
multi-set, resp. mix literals in F'. We denote by L(F') = L (F) W Lypgg(F) W
Lypin(F) W Lyt (F) the multi-set of literals in F.

2.2 Semantics

A valuation I;,; of variables in Vj,; is a function mapping variables in V;,; to
values in Z, i.e., Ijn; : Vipe — Z. Similarly, I.,; : Vere — Z7 denotes a
valuation of variables in Vipy and Ipgg @ Viag — M[Z] denotes a valuation
of variables in Vjqq. A valuation I of variables in Vit U Vigg U Veyy is a tuple
of valuations (Iint, Ivag, Iext); we denote by i, Ipag and Iy the first, resp.
second, resp. third component of a valuation I. Let Z be the set of valuations
over variables in Vi, U Vigg U Vege. Two valuations I and I’ agree on a set of
variables V iff Vv € V. I(v) = I’(v). For a valuation Ij,, of variables in V44 and
a bag variable x we denote by D(Ipey(z)) = {v € Z|Ipag(z)(v) > 0} the integers
occuring in the bag.
The semantics of QFBILIA is defined by

e a function * :7Z — T;,+ — Z mapping a valuation and an integer term to
an integer value,
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e afunction ®:Z — Tpr — ZU{L, T} mapping a valuation and an integer
term to an extremum value,

(o)

e a function ° :Z — Tpey — M[Z] mapping a valuation and a multi-set
term to a multi-set value,

e arelation =C 7 x F between valuations and formulas.

The components above are defined inductively on the syntax of terms and for-
mulas in a mutually recursive way. This is due to the presence of ite terms.

Given a valuation I and an integer term Tj,;, the valuation of T},; in Z,
denoted by I*(T}p:), is defined as follows:

I*(k) = k
I"(a) £ Iini(a)
(T + Ti) = (L) + I7(T5)
I (Thy = Ti) = 1" (Thy) = I°(T5)
I*(max(T;,,, Ty)) = max(I*(T,,), I*(T7,))
I* (min(Ty,,, T5,)) £ min(I*(T,,), I (T5,,))

(1L, fIEF
2 A int
I*(ite(F, T}, T2y)) = { I*(T?,) otherwise

where max(k1, ko) and min(kq, ko) are the minimum and maximum operations
over Z.

Given a valuation I and an extremum term 7T,;;, the valuation of T,,; in
ZU{L, T}, denoted by I*(Test), is defined as follows:

I*(k) 2 k
I ( é Iext
o [T lfwa 1°(Thag)(K') = 0
I*(min(Thag)) = { kst I°( Tbag)(k) >0 and VK’ < k. I°(Tyag) (k') = 0
)2 )(K') =0

/ o
I* (max(Thqy)) { L A VR, I°(Tha

kst. I9(Thag) (k

~—

>0 and VK > k. I°(Thag) (k') = 0

(1L, fIEF
1 é ewt
I*(ite(F,T.,,, T, e:z:t - { I*(T2,) otherwise

Given a valuation I and a bag term Tp,4, the valuation of Tpe, in M[Z],
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denoted by I°(Tpqg), is defined as follows:

I°([D) & M s.t. Yk. M(k) =0
I°([a]) & M s.t. M(a) =1 and Vk # a. M(k) =0
M st. M(m)=1and Vk#m.M(k)=0

°([m]) 2 if Ieye(m) ¢ {L, T}
M st. Vk. M(k) =0  otherwise
I°(z) £ Iyag(x)
I°(Tyoy UThg) & M st Wk M(k) = max(I°(Ty,, ) (k), I°(Ti,,) (k)
I°(Tpoy NTp,y) & M st V. M(k) = min(I°(Ty,, ) (k), I°(Tp,,) ()
I°(Tyoy \ Ting) = M s.t. Vk. M(k) = max(0, I°(Ty,, ) (k) — I°(Ty,,) (k)
I°(Tyoy W) & M st Yk M(K) = I°(Ty,,) (k) + 1°(Ty,,) (k)

. I°(TL ) ifIEF

o 1 2 A bag

I°(ite(F, Tyog, Trag)) = { I"(T,)Qag) otherwise
Given a valuation I and an integer atom L;,;, the satisfiability relation

I |= Ljnt is defined by structural induction as follows:

LE Ty = Ty iff I(T) = 17 (Tiy)
I Ty # i2'rLt iff I*(T},,) # T (Thy)
I'ET mt mt iff I*(Tzlnt) <I" (Ti2nt>
IET mt = mt iff I*(Tilnt) >1I" (Tiznt)

Given a valuation I and an integer atom L.,:, the satisfiability relation
I = Ly is defined by structural induction as follows:

I Toyy = T2, iff I°(Tey,) = I°(T2,)
I Tl # Toy i I°(Thy,) # 1°(T2,)
LT, < T2, iff I8(T.,,) < I°(T2,)
I Topy > T2, iff 18(Tyy,) > 18(T2,)

Given a valuation I and a bag atom Ly, the satisfiability relation I = Ly,
is defined by structural induction as follows:

I ): Tblag = szag iff V. IO(Tblag)(k) IO(Tang)(k)

I ’: Tblag 7& Tang iff k. Io(Tblag)(k) 7& IO(Tl?ag)(k)

I ': Tblag C Tb2ag iff Vk. Io(Tl)lag)(k) < I (TbZag)(k)

I ): Tblag 1¢— Tl)2ag iff k. IO( blag)(k) > I° (TbZag)(k)
: 2

I Ty, < Tpy iff I°(max(Ty,,)) <
I ): Tblag > Tb2ag iff 1° (min(Tblag)) > I° (maX(Tang))
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Given a valuation I and a mixed atom L., the satisfiability relation I |=
Lyiz is defined by structural induction as follows:

I a € Ty iff I°(T,,) (L (@)) = 1

I ad T, iff I°(Ty,) (Lin(a)) =0
I'=ac™ Ty, iff I°(T,,) (Iint(a)) > n
I'Eag¢" T, iff I°(Th,,) (Lint(a)) <n

(T2, ) (Teat(m)) > 1 if Tegi(m) & {1, T}
. True if Vk. I°(T2,,) (k) = 0
I T2, iff bag
= m € Thag | A eat(m) € {1, T})
False otherwise
IO(Tl?ag)(Iext(m)) =0 if Iext(m) ¢ {J_,T}
. False if Vk. I°(T2,,) (k) =0
I T2 iff bag
=m & Ty i A (Ioge(m) € {L,T})
True otherwise
I°(TE,,) (Lewt(m)) > n if Tege(m) & {1, T}
. True if V. I°(T2,,) (k) =0An =1
T n T2 ff bag
= € Thay i A (Lwe(m) € {1, T}
False otherwise
I°(T3,,) (Teat(m)) < if Loy (m) & {1, T}
n . False if Vk. I°(T? )(k:):O/\nzl
I T2 T bag
Fm & Tha i A (Tege(m) € {L, T}
True otherwise

Given a valuation I and a formula F, the satisfiability relation I = F is
defined by induction on the form of the formula as follows:

IELffIEL
I):Fl\/FQ lﬂ.I':Fl OI‘I’:FQ
I):Fl/\FQ lﬂlliFl and[):Fg
ITE-FifITEF
I':F1:>F2 1ﬂ'[|:ﬁF1 OI“I|=F2
Definition 2. A QFBILIA formula F is satisfiable if there exists a valuation I,
called also its model, such that I = F.
Let denote by [F] the set of models of F. Thus, a formula F is satisfiable if
[F] # 0.
Definition 3. Two formula F' and F’' are semi-equivalent, denoted F' ~ F”,
if V(F) CV(F') or V(F') C V(F) and VI € [F],3I' € [F'] that agrees on
V(F)NV(F'), and VI’ € [F'],3I € [F] that agrees on V(F)NV(F’).
Definition 4. Two formula F and F’ are equi-satisfiable, denoted F ~ 4 F',
if [F] # 0 if and only if [F'] # 0.



2 LOGIC QFBILIA 7

2.3 Examples

Example 1. If an integer a is in a multi-set x, the multi-set [a] is included in
the union of multi-sets x and y:

(@ €)= ([a] € (zUy)) (3)

Example 2. If 1 is the smallest element of a multi-set x then x is less than y
otherwise x is greater than z:

(min(z) =1) = (z < y)) A ((min(z) # 1) = (z < 2)) (4)

Example 3. If the mazimum of a multi-set x is O then x is the empty bag or
the minimum of x is not 0:

(max(z) = 0) = ((z = [1) V (min(z) # 0)) (5)

2.4 Main Fragments

The QFBILIA logic contains several fragments that are interesting for its re-
duction to QFLIA theory because they are simpler in syntax but they are, in
general, as expressive as QFBILIA.

2.4.1 Fragment QFBILIA, ¢

The QFBILIA, ¢ fragment contains only formulas in the negated normal form,
i.e., the logical negation is pushed to the level of literals Lin¢, Lyag, Lmia, Lext
and ite terms are not present.

Definition 5. A QFBILIA,,.¢ formula F is defined by the following grammar:

Fu=L|FVF|FAF
L = Lint | Lbag | Lmizc | Leat
Lint ::= Tint = Tint | Tint 7 Tint | Tint < Tint | Tint > Tint
Lewt 2= Tewt = Teat | Tewt 7# Tewt | Teat < Tewt | Tewt > Teat
Liag = Thrag = Trag | Toag # Thag | Toag C Toag | Toag € Thag |
Tbag < Toag | Toag > Thag
Luiz = Tint € Tpag | Tint ¢ Tvag | Tint €" Toag | Tint € Thag
Tint ==k | a| Tint + Tint | Tint — Tint |
max(Tint, Tint) | min(Tine, Tint)
Text =k | m | min(Thag) | max(Thag)
Tyag == [ | [a] | z | Toag YU Toag | Toag N Thag | Toag \ Trag | Toag ¥ Thag

We denote by Fonf, Tint,nnfs Text,nnf, and Tpag anf the set of formulas, integer
terms, resp. extremum terms, resp. multi-set terms in QFBILIA,¢.
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Thus, the examples , @, and are rewritten in QFBILIA, ¢ as follows:

(a ¢ )V ([a] € (zUy)) (6)
((min(z) # 1) V (z < y)) A ((min(z) =1) V (z < 2)) (7)
(max(z) # 0) V ((z = []) V (min(z) # 0)) (8)

Proposition [1| (Section states that QFBILIA and QFBILIA, s have the
same expressive power, i.e., for any formula F' in QFBILIA, there exists an equiv-
alent formula F' in QFBILIA.¢.

2.4.2 Fragment QFBILIA,,,.

The QFBILIA,,,. fragment allows only a restricted syntax for multi-set atoms
and terms. Intuitively, we restrict the syntax to essential terms, where no syn-
tactic sugar can be applied to simplify them. For example, the multi-set terms
of the form 2 Uy U z are equivalent (semantically speaking) to a term 2 Uy’ and
the atom ¢’ = y Uz, where ¢/ is a fresh multi-set variable. Also, the atom = < y
is equivalent (wrt the semantics, i.e., allows same set of models) to the term
max(z) < min(y). The integer atoms using multi-set variables are reduced to
only two equality constraints between an integer variable and the min or max of
some multi-set variable. Thus, the fragment QFBILIA,,,. contains only formu-
las with the simpler multi-set terms which are furthermore in negative normal
form.

Definition 6. A QFBILIA,,,. formula F is defined by the following grammar:

Fu=L|FVF|FAF

L= Lint | Loag | Lmiz | Leat
Lint = Tint = Tint | Tint 7# Tint | Tint < Tint | Tine > Tint
Lewt 2= Tewt = Teat | Tewt 7# Tewt | Teat < Teat | Tewt > Tear
Liag =2 =Theg |z £y |z Cylz Ly

Lyizi=a€z|ad¢z|acz]|a "
Tiint n=k I a | Tzint + Ent | Tint - Tint | maX(TintaTiint) | min(ﬂntyTint)
Tewt := k| m | min(z) | maz(x)

Toag == [I [ [a] |z [z Uy [zny|z\y|zwy

The examples @f are semi-equivalent with the following formulas in
QFBILIA, e

((@gz)Vv(zn Czn)A(la] =21)A(2=(zUy) (9

((bl 7£ 1) \Y (bg < bg)) A\ ((bl = 1) V (b2 < b4))
A(by = min(x)) A (be = max(z)) A (bs = min(y)) A (bs = min(z))

(b1 #0)V ((z =[]V (b1 #0)) A (by = min(z))  (11)

(10)
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We might loose equivalency between formula due to the creation of variable,
however semi-equivalency is preserved.
Proposition (Section [3.2)) states that QFBILIA,,,. and QFBILIA¢ have the

same expressive power.

3 Decision procedure by reduction to QFLIA

The decision procedure for checking satisfiability of a QFBILIA formula F' pro-
ceeds in four steps. These steps are removing gradually the multi-set atoms to
obtain an equi-satisfiable formula in quantifier free linear arithmetics (QFLIA
theory).

The first step translates F' into a QFBILIA, s formula F which is equiva-
lent with F, from Proposition |1 l The second step transforms F into an semi-
equivalent formula F? in QFBILIA,,;., from Proposition |2l The third step
introduces two extremum variables to represent 1 and T, two sets of fresh in-
teger variables to represent (i) the elements that vahdates atoms =z # y and
¢y and (ii) for each multi-set variable € Vbag(ﬁ ) and integer variable
a € Vipe(F ), resp. extremum variable m € V¢ (F 2), an integer variable wq, 4,
resp. W, counting the occurrences of values of a, resp. m in x. This step only
adds to F? a formula F3 over integer variables. The formula F2 A F3 is then
equi-satisfiable to F. The fourth step removes multi-set terms from F?3 using
the fresh integer variables introduced by the counting abstraction and produces
a formula F'* A Fy equi-satisfaisable to F.

3.1 First Step: Translation to QFBILIA, ¢

The correctness of this step is stated by the following proposition whose proof

gives a procedure to build a formula F' in QFBILIA,s from a formula F' in
QFBILIA.

Proposition 1. For any F formula in QFBILIA, there exists a formula F in
QFBILIA, ¢ over a set of variables Vi (F) U V™ and Viag(F) U V™ such that

int bag

(i) any model of ' is a model of F and (ii) for any model of F, there is a model
of F that agrees on Vipi(F) and Viqg(F').

Proof. The proof is given by construction of F from F.

First, every integer term ite(F’, T, T?) is replaced by a fresh integer variable
a (i.e., not in V;y (F)) and F is rewritten in FA(F' = a =T)A((-F') = (a =
TQ)). The same procedure is applied for ite terms in multi-set atoms. Using the
semantics of ite terms, we show that the formula F obtained by this rewriting
satisfies the conclusion of the theorem.

Second, we apply to F the de Morgan’s rules to eliminate the negation by
pushing them at the level of literals. We definite inductively on the formula
syntax a function nnf of QFBILIA — QFBILIA, ¢, for any Fi, F5 € QFBILIA and
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{ € L, as follows:

nnf(Fy = F») = nnf(=F}) V nnf(F) (12)
nnf(—(Fy = F3)) = nnf(F1) A nnf(=F2) (13)
nnf(Fy V Fy) = nnf(F1) V nnf(Fy) (14)
nnf(=(Fy V Fy) = nnf(=F}) A nnf(—F3) (15)
nnf(Fy A Fy) = nnf(Fy) A nnf(Fy) (16)
nnf(=(Fy A Fy) = nnf(=F}) V nnf(—F3) (17)
nnf(——F) = nnf(F) (18)

nnf(¢) = (19)

nnf(—¢) = 7 i.e., the opposite atom of ¢ (20)

(21)

Since any atom has its opposice in QFBILIA, ¢, and since (FAF), (FVF') are also
formulas in QFBILIAnnf, then nnf(F) € QFBILIA, ¢, (for instace —(T}, < T?,,)
is replaced by (T}, > T2,)). O

int

3.2 Second Step: Translation to QFBILIA,,,.

The step applies the following sequence of transformations on F in QFBILIA,

S2.1: Every bag atom 7" < T? constraint (with <€ {<,>}) is rewritten using
the min and max extremum terms as follows:

o T > T? becomes min(T!) > max(T?)
o T < T2 becomes max(T') < min(7?)

Thus, the bag atom becomes an extremum atom. Let denote by Fy 1 the
result of this process.

52.2: Every Tyeg term used in integer, mized, extremum atoms which is not a
variable is replaced by a fresh multi-set variable z and the multi-set atom
= Thay is conjuncted to Fy 1. Let us denote by Fb o the result of this

process and by V}fagQ the set of fresh bag variables.

S2.3: Every extremum term of the form min(x) or max(z) is replaced by a fresh
extremum variab1~e min, rep. max, and~the mixed atom min(z) = min,
is conjuncted to Fy . Let us denote by Fy 3 the result of this process and

by V23 the set of fresh extremum variables.

52.4: Every bag atom Ly, of Fyq using more than two bag variables for opera-
tions #, C, ¢ and more than three variables for operation = are iteratively
rewritten to be reduced to the bag atoms in QFBILIA,,,... Notice that in-
teger, mixed and extremum atoms already use only bag variables and not
bag terms due to the step S2.2. So, at the end of this step, the resulting
formula Fb 4 is in the QFBILIA,,. fragment. The set of fresh bag variables

is denoted by V4
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The formula F, 4 has the set of integer variables th(ﬁ'), the set of extremum

variables Vi,¢(F) U V23 and the set of bag variables Via,(F) U Ve UV

Example 4. We explain the previously mentioned steps on the following
QFBILIA, ¢ formula:

min(z Uy U z) = min(z Ny N z).

It is translated in the following QFBILIA, . formula over the set of bag vari-
ables {x,y, z} U {zunionyunionz, yunionz, xinteryinterz, yinterz} and the set
Of integer variables {minzunionyunionzyminwinteryinterz} :

minxunionyunionz = minmintaryinterz A
MANgunionyunions = MIN(Tunionyunionz) A
MiNginteryinters = Min(zinteryinterz) A
zunionyunionz = x U yunionz A yunionz =yUz A

rinteryinterz = x Nyinterz Ayinterz =y Nz

The correctness of this transformation with respect to the semi-equivalence
is stated by the following result.

Proposition 2. For any F formula in QFBILIA ¢, there exists a formula F2 in

QFBILIA,,,c over a set of variables Vini(F), Vezt(F) UVE, and Vyay(F) U VL

- . /. bag
such that (i) any model of F? is a model of F and (ii) for any model of F, there

is a model of F? that agrees on Vini(F) and Viag(F).

Proof. The proof is given by construction of F2 from F following the steps
S2.1-4 above.

The formula Fj ; is equivalent to F due to the definition of the semantics of
comparison operations over multi-sets.

The formula Fb 5 is built over the set of variables th(l*:' ) and Vbag(F U Vfa'gz

where W;%i; is the set of fresh variables used to replace multi-set terms which are
not variables in integer, extremum or mixed atoms. The semantics of equality
between bags ensures that the equi-satisfiability is preserved.

The formula F} 5 is built over the set of variables Vim(ﬁ‘gvg), Vezt(ﬁ'g,g) uvzs

~ ext
and Vbag(Fg,g) where fo’ is the set of fresh variables used to replace extremum

T
term of the form min(z) or max(x). The semantics of equality between integer
ensures that the equi-satisfiability is preserved.

The formula F5 4 is built over the set of variables Vim(ﬁ’g_g) and Viqg (13'2_3) U
Vb?l'g where V}fa';‘ is the set of fresh variables used to replace multi-set terms
in bag atoms which don’t fit in the QFBILIA,,. fragment. The semantics of
equality between bags ensures that the equi-satisfiability is preserved, i.e., the
two conclusions are valid.

The formula F2 = Fy4 is in QFBILIA,,,. and the two conclusions are valid
as a consequence of steps S2.1-4.

O
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3.3 Third Step: Introducing the Counting Abstraction

This step adds to F2 a formula Fj that introduces the integer variables which

will replace the multi-set variables. The transformation has three steps:

S3.1: Build the set V3L as a set of fresh variables, one variable for each atom
(x #y) or (x € y) in F2. We denote these variables by a,.,, resp. Upgy
Intuitively, these variables are introduced to be able to express the fact
that there is a value on which x and y differ, resp. x has more copies than

y (see subsection [3.4).

S3.2: We introduce two fresh extremum variables m and m+. Intuitively, these
variables are introduced to be able to express L, resp. T.

S3.3: Build the set
Vit = U Waa,
2€Vpag(F2),a€VEl,UVint (F2)
where an integer variable is added for each pair of bag variable z and
integer variable a in order to represent the number of element a in z.

33
Vext = U wm,wa
-'Eevbag(ﬁQ)amEVemt(Fz)

where an integer variable is added for each pair of bag variable z and
extremum variable m in order to represent the number of element m in z.
Let V32, = Vipe(F2) U V3L Let V3 = V3 U Ve (F?).

int — nt* ele int

The formula F3 is built as follows:

F32 F2A\Fy (22)
Fs2 | N (mL<a<mr) (23)
a€Vy,
A /\ (mT>m>my) (24)
meVeu(FQ)

AN =0 (25)

weV33uvis

int ext

AN A A0V (w0 = w,s) (26)

tLueVS, \2€Viay(F2)

The set of variables of F3 are th(ﬁ‘g), resp. Vemt(ﬁ‘?’), resp. Vbag(ﬁ‘z).
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The following property states that F3 g F2:

Proposition 3. The formula F® is in QFBILIA,u. and (i) any model of F* is
a model of F? and (ii) for any model of F?, there is a model of F that agrees
on Vint(F?), Vezt(F?) and Viay(F?).

Proof. Clearly F is still in QFBILIA, ...

Moreover, because F3 2 F2 5 F3, any model I of F3 is also a model of F2.
We prove now the point (ii):

A.1: I be a model of F?

C.1: There is I’ which agrees on V(F?) to I and I’ is a model of F3.
Proof:

1: Let I' = (Iyag, Iy I.,) such that for any a € Vi, (F?) we have

Iint(a) if a € Vipe(F?)
. v %f Oy € Vzilt and Ibag(x)(v) #* Ibag(y)(v)
Iii(a) =S v if ayg, € Vini and Tyag(2)(v) > Tyag(y)(v)
Iiag(z)(b) Hfa=wp, € Vijft
0 otherwise

for any m € V,.:(F?) we have

Iemt (m) lf m € Vext (F2)

k if m; and Va € th(pg)a k< 1Ij,(a)
Iézt(m) £ and Vm € ‘/extgFg)v k S Iéa:t(m)
k if mT and Va € ‘/znt(F:i)7 k> I{nt(a)

and Vm € ‘/Yewt(F3)7 k > Iéa:t<m>

This valuation of integer and extremum variables satisfies the part F2 of
F3 by (A.1) and it satisfies the F3 part by the properties of I,,. Thus,
C.1. is satisfied.

O

3.4 Fourth Step: Removing Multi-set Constraints

This step rewrites the bag atoms and the mixed atoms in order to remove the
bag terms and so transforms F to a formula in QFLIA. The transformation
preserves the boolean structure of the initial formulas and the integer atoms. It
is given by the S4 function defined in Figure

Proposition 4. The formula 4 = S4(F3) is in QFLIA and (i) for any model
of I of F3 there is a model I' of F* such that I and I' agree on V3([). (i)
Jor any model I of F4, there is a model I' of F3 such that I and I' agree on
Vvint(FS)-
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Translation of mixed atoms:

S4(m = maz(z)) =

tevy

ele

(m#mO)AmAme)A(wne > DA N (E<m)V (w0 = o>>)

(
(
(

tevy,
S4(a € x) 2 wap >1
S4(a €" ) 2 wap >n
S4(a ¢ x) 2 wer =0
S4(a ¢" z) & wap <n
S4mexz)E (m=mLVm=mTr)A /\ (Wt,e =0) V Wim,e > 1

tevy,
S4m e )& mAEmMLAMFEMT AWmye 2N

S4m¢x)2 (m#AmLAm#AmT)V \/ (wi,e # 0) A Wiye =0
tevs

ele

S4m ¢" )2 m=miVm=mTVwn, <n

She=y) 2 N\ (wie=wey)

tev3

ele

Six Cy) & N\ (wie Swiy)
tevegle

Sd(x #y) £ Wa gy, # Wagsy,y
S4(z ¢ y) = Wa,g o > Wa g .y

Siz=M= A (wea=0)

tevy,
Sa(@=[a]) & (wae=1A J\ ((a=18)V (wiz=0)
tev3,

S4(z=yUz) 2 /\ (w0 = maz(w,y, we,:))
tev€31/€

S4(x =ynNz) e /\ (wt,z = min(ws,y, Wwt,z))
tevy,

S4($ =y ] Z) £ /\ (wt,z = Wt,y + wt,z)
tevi,

S4(r=y\z) 2 /\ (wi,z = max(0, (we,y — we,2)))
tev3

ele

Figure 1: Translation of mixed and bags atoms
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Proof. Clearly F* is in QFLIA from the definition of S4.

Point (i): Because S4 does not rewrite integer atoms, a model I of F3
satisfies, with its integer valuation I;,;, the integer atoms not rewritten by S4.
The integer atoms introduced by S4 are conform with the semantics of formulas
while interpreting the variables w, , as counting abstractions of a bag x. Then
if I does not interpret the variables w, , as counting abstractions of a bag x, we
construct I’ such that it does and agree on V3, with I. If z # y is satisfied then
there exists a value v in Z such as Ip,y(2)(v) # Iag(y)(v). By the choice of I
in the 3rd step (i.e., it satisfies F3), we have that I;pi(azy) = v If m = max(z)
is satisfied then either Iy.q(x) = [] and Iepi(m) = Iege(my), or Ieze(m) is the
greatest integer of D(Ipqq(x)) but different from Iezi(m ) and Ieq(mT).

Point (ii):

A.1 I is a model of S4(F3)
C.1 there is a model I’ of F3 that agrees on th(ﬁ'?’) with I
Proof:

1. Iins satisfies the F3 component of F3 which is preserved as it is by S4. By
the definition of S4, Vi, (F?) = Vipt (S4(F3)).

2. We define a valuation of bag variables in F3, I [ , as follows:

Lint(waz)  if v = Iipi(a) for some a € V3,
Il;ag(x)(u) £ Lnt(wpz)  if v = Iz (m) for some m € V2,
otherwise

o

Then Il;ag is a well funded function.

Proof: By the fact that I;,; satisfies the constraint F3, which means that
values of w, , and wy , are the same if I, (a) = I (b).

3. I = (Imt(ﬁ’?’),léag) is a model of S4(F3).

Proof: The proof proceeds by induction on the form of atoms transformed
by S4. We show only the main points of the induction, the others are done
similarly.

3.1 for Ly = m = max(z), if I E S4(Ly;,) then I' = L. (and vice
versa).

3.1.1 If Dygg(x) #1] -

3.1.1.1 From definition of S4(Lyiz), Lint(Wm ) > 1 and Iy (m) #
Iemt(mj_) and Iezt(m) 7£ Iext(mJ_)~

3.1.1.2 From 3.1.1.1 and the definition of Iéag, Tept(m) €
D(Ipag(x)).
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3.1.1.3 There is no value v in D(Ipe4(x)) greater than Iy (m)
By absurd, suppose that such a value exists, ie., v >
Iz (m) and v € D(Ipe4(x)).
From the definition of Ij, , there exists ¢ € V3  such as
Lint(t) = v > Iege(m) or Lepe(t) = v > Iepe(m) and v =
Iint(wt,a:) > 0.
This is in contradiction with the S4(Ly,;,) conjunct saying
that t <aVw, =0.

3.1.2 If Igg(z) =] :

3.1.2.1 From definition of S4(Lyiz), Lewt(m) = Lepe(m).
The reverse direction is shown similarly.
Hence, 3.1 is valid.

3.2 for Lygg i= x =yUz, if I |= S4(Lpag) then I’ |= Lyqq (and vice versa).

3.2.1 From definition of S4(Lpgyg),

/\ (Iint(wt,x) = max(Iint(wt,y)aIint(wt,z)))-

tevy,
3.2.2 From 3.2.1 and the definition of Il;ag,
N Ty (@) Tine () = maz Ty () Lint (1)), Thag (2) (Tins (£)))-
teVa,
or
N Ty (@) Teat (8)) = maz (g () Teat (£)), Thag (2) (Teae(1)))).
teva,
3.2.3 From 3.2.2 and the definition of Il']ag,
N\ g (@) (k) = maz(L,y (y) (k), T (2)(K)))
keZ

3.2.4 From 3.2.3 the semantic 2.2 of Tjeq and Ly,g,

Il/mg(x) = Il;ag(y) U Il/mg(z)

The reverse direction is shown similarly.
Hence, 3.2 is valid.

41" = (i, I,,) = SA(F®)
Proof: by 1, 2, and 3 above.

5 C.1
Proof: by 4 and the definition of I’.
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4 Decision procedure by reduction to QFUFLIA

This section describes a reduction to QFBILIA formulas to an equi-satisfiable
formula in quantifier free linear arithmetics with uninterpreted functions QFU-
FLIA. The first two steps of the procedure are identical to the previous one
as a consequence we consider a formula F? as input. The third step intro-
duces two extremum variables to represent | and T, a set of fresh integer
variables and a set of uninterpreted function variables to represent (i) the ele-
ments that validates atoms = # y and z € y and (ii) for each multi-set variable
T € Vbag(ﬁ 2) uninterpreted function variables G, such as for each integer vari-
able a € Vi, (F?), G,(a) is counting the occurrences of values of a in . This
step only adds to F2? a formula F; over integer variables and uninterpreted
function. The formula F2 A Fj is then equi-satisfiable to F. The fourth step
removes multi-set terms from F3 using the fresh uninterpreted function vari-
ables introduced by the counting abstraction and produces a formula F* A F
equi-satisfaisable to F.

4.1 QFBILIAUF Syntax

Let Vs = {G, H, ...} be a finite set of symbols denoting uninterpreted function
variables, i.e., variables with values in Z — Z. We suppose that Vine, Vegt, Vs
and Vjqg are disjoint and we do not write explicitly the type (Z, Z=, (Z — Z) or
MIZ]) of each variable, where Vi, Veps and Viaq are defined as in the previous
section.

Definition 7. A QFBILIAUF formula F is defined by the following grammar:

F:=L|FVF|FAF|-F|F=F formula
L= Lint | Loag | Lmia | Leat boolean atom
Lint = Tint = Tint | Tint 7# Tint | Tint < Tint | Tine > Tine
Lewt = Tewt = Teat | Tewt 7# Tewt | Teat < Tewt | Tewt > Teat
Liag = Tvag = Trag | Toag # Trag | Toag C Thag | Toag € Thag |
Trag < Tvag | Trag = Thag
Lipiz = a0 € Thag | a & Thag | @ €" Thag | a " Thag

Tint =k | a| Tuf | Tint + Tint | Tint — Tint | integer term
max(Tint, Tint) | min(Tipne, Tine) | ite(F, Ting, Tint)

Text :=k | m | min(Thag) | max(Toag) | ite(F, Teat, Text) extremum term

Tuf 2= G(Tint) UF term

Toag == [1 | [a] | | Toag U Thag | Toag N Thag | bag term

Tbag \ Tbag | Tbag ] Tbag | ite(F; Tbaga Tbag)

We denote by by Tur the set of uninterpreted function terms.
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For a formula F, we denote by V,(F) the set of uninterpreted function
variables used in F'.

4.2 QFBILIAUF Semantics

A valuation I, of variables in Vs is a function mapping variables in Vs to
values in (Z — Z), ie., Iy : Vuy — (Z — Z). A valuation I of variables in
Vint U Vg U Vigg U Ve s a tuple of valuations (Lint, Luf, Ipag, lext); We denote
by Lint, Lufs Ipag and Ieye the first, resp. second, resp. third, resp. fourth
component of a valuation I. Let Z be the set of valuations over variables in
Vint U Vs U Vet U Vigg. The semantics of QFBILIAUF is defined by

*

e a function * :7Z — T;,: — Z mapping a valuation and an integer term to
an integer value,

e a function 9 :7 — Tuf = Z mapping a valuation and an uninterpreted
function term to an integer value,

e a function ° :Z — Tpeg — M[Z] mapping a valuation and a multi-set
term to a multi-set value,

e afunction ®:Z — Tpy — ZU{L, T} mapping a valuation and an integer
term to an extremum value,

e arelation EC Z X F between valuations and formulas.

I*, I* and I° have the same definition as in QFBILIA, see section [2.2
Given a valuation I and an uninterpreted function term Ty the valuation of
T,s in Z, denoted by IZ(T,y), is defined as follows:

I2(G(Tint)) 2 Lf(G) (I (Time)

Definition 8. A QFBILIAUF formula F is satisfiable if there exists a valuation
1, called also its model, such that I = F'.

4.3 Third Step: Introducing the Counting Abstraction

This step adds to F2 a formula F3 that allow to introduce the uninterpreted
functions variable that will replace the multi-set ones. The transformation has
three steps:

S,3.1: Build the set V3! as a set of fresh variables, one variable for each atom
(x#y)or(zgy)in F2. We denote these variables by oy, TESP. Uyg .
Intuitively, these variables are introduced to be able to express the fact
that there is a value on which = and y differ, resp. x has more copies than
y. see subsection [1.4]
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Su3.2:

S.3.3:

We introduce two fresh extremum variables m and m+. Intuitively, these
variables are introduced to be able to express |, resp. T.

Build the set
V= |J Ga
2E€Vhag(F?)
where an uninterpreted variable G is added for each bag variable = in
order to represent the bag x. Let V3 th(F2) UVl Let V3 =

int — int* ele —

Vi U Vear (F2).
The formula F3 is built as follows:
F3 & F2 A Fy (28)
F3 & /\ (my <a<mT) (29)
aevisnt
A N (mr>=m>m)) (30)
mEVem(IE'Q)

A N\ (Ga(t)>0) (31)

teV3 ,x€Viag

The set of variables of I3 are th(ﬁ?’), resp. Vuf, resp. Viag (13’2)

The following property states that F3 g F2:

Proposition 5. (i) any model of F3 is a model of F? and (ii) for any model
of F2, there is a model of F* that agrees on Vini(F?) and Viag(F?).

Proof. Because F® £ F2 A F3, any model I of F? is also a model of F2.
We prove now the point (ii):

A.l:
C.1:

I be a model of F2
There is I’ which agrees on V(E?) to I and I’ is a model of 3.

Proof:

1:

Let I' = (Ipag, Lint, I;f) such that for any G, € Vuf(l*:'S) and for any k € Z
we have

Ipag(z)(a)  if Iine(a) = k for some a € Vi (F?)
Tpag(z)(m)  if Iyi(m) = k for some m € Viui(F?)
Tpag(z)(v) if Iint(agzy) = k for some a4, € V3L
Wf(Ga) (k) = and lpag(7)(v) # Ipag(y)(v)
Ipag(z)(v) if Imt(%g_y) = k for some a,¢, € V3L

int
and Ibag(l‘) (’U) > Ibag(y)(v)
0 otherwise
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for any m € V. (F?) we have

Iegi(m)  if m € Vo (F?)

k if m and Va € Mnf(FS)v k< I'L/nt(a)
Iézt(m) £ and Vm € ‘/eztgFS)v k S I(liLt(m)
k if mT and Va € ‘/;nt(F3~)7 k> I{nt(a’)

and Vm € ‘/Yecct(F3)7 k > Ié$t<m>

This valuation of integer and extremum variables satisfies the part F? of
F3 by (A.1) and it satisfies the F3 part by the properties of Ip,g. Thus,
C.1. is satisfied.

O

4.4 Fourth Step: Removing Multi-set Constraints

This step rewrites the bag atoms and the mixed atoms in order to remove the
bag terms as so transform F® to a formula in QFUFLIA. The transformation
preserves the boolean structure of the initial formulas and the integer atoms. It
is given by the S4,s function defined in Figure

Proposition 6. The formula F* = S, 4(F3) is in QFUFLIA and (i) any model
of F3 isa model of F* and (ii) for any model of F'*, there is a model of F® that
agrees on Vi, (F?).

Proof. Clearly F* is in QFLIA from the definition of S, 4.

Point (i): Because S,4 does not rewrite integer atoms and the F3 conjunct,
a model I of F3 satisfies, with its integer valuation I;,, the integer atoms not
rewritten by S,4. The uninterpreted function atoms introduced by S,4 are
conform with the semantics of formulas while interpreting the variables X () as
counting abstractions of a bag x. If & # y is satisfied then there exists a value v
in Z such as Ipeq(2)(v) # Ipag(y)(v). By the choice of I,y in the 3rd step (i.e.,
it satisfies F3), we have that I;n:(az2y) = v If m = max(z) is satisfied then

either Iyey(z) = [ and Iegt(m) = Iege(m i), or Iege(m) is the greatest integer
of D(Ipaq(x)) but different from I, (my) and Ieg(mT).
Point (ii):

A.1 I is a model of S,4(F?)
C.1 there is a model I’ of '3 that agrees on Vi (F3)
Proof:

1. Iint satisfies the I3 component of F3 which is preserved as it is by Sy4. By
the definition of S, 4, Vipt(F?) = Vine(Su4(F?)).
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Translation of mixed atoms:

Sdyla€z) 2 Geola)>1
Sdyfa €™ x) 2 Gyla) >n
Sdyla ¢ )2 Gyu(a) =0
Sdu(a ¢" ) 2 Gila) <n
Stymea) & (m=miVvm=mr)A [\ (Gu(t) =0)VGs(m)>1

tevy,
Sdy(m €™ ) E mAmLAm#AmT AGz(m) >n
2 (m#mLAm#mT)V \/ (Gz(t) #0) AGz(m) =0

tevy,

Sdy(m g™ )2 m=miVm=m7VGs(m)<n

Sdu(z =y) = /V\ (G=(t) = Gy(t))
Sdup(z Cy) 2 /V\: (Ga(t) < Gy(1))
Sdu(z #y) £ Giim) # Gy(aazy)
Sduy(z T y) £ Galasg,) > Gy(azg,)
Sdu(z =) = te/v\gl e(Gz(t) =0)

Sz = [a]) 2 (G:(a) =1)A /V\S ((a=1)V(Ga(t) =0))
Sz =yUz) 2 /V\ (Ga(t) = mc::(Gu (), G=(1)))
Sdy(x=ynz) £ /V\l E(Gz(t) = min(Gy(t), G-(t)))

Stz =ydz) £ /V\: C(Gz (t) = Gy(t) + G=(1))
Sdo(z=y\ 2) 2 /V\ e(Gm.(t) = max(0, (Gy(t) — G= (1))

Figure 2: Translation of mixed and bags atoms
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2. We define a valuation of bag variables in F3, Igag as follows:

I(G.)(a)  if v =L (a) for some a € V3

int
Ty () (v) 2 LAG,)(m) if v= I (m) for some m € V3,
0 otherwise
Then I,;ag is a well funded function.

Proof: By the fact that I, satisfies the constraint F3, which means that
values of I,;(Gy)(x) > 0.

3. I = (Imt(ﬁ’?’),léag) is a model of S,4(F3).

Proof: The proof proceeds by induction on the form of atoms transformed
by S,4. We show only the main points of the induction, the others are done
similarly.

3.1 for Lyeg = x = [a], if I = Sy4(Lpag) then I’ = Lipqq (and vice versa).

3.1.1 From definition of S,4(Lpag),

(Tuf(Go)Tine(@) = DA N\ (Tint(@) = Tine (D)) V (Lug(G) (Iine (b)) = 0))

beVy,
A /‘}3 ((Lint(a) = Teqr(m)) V (Luf(Ga) (Leat(m)) = 0)).
3.2.2 From 3.1.1 and the deﬁnitio:;f Loy
(Tpag (%) (Tint(a)) = 1) Ab /V\3 ((Lint(a) = Line(b)) V (Zoag () (Lint (b)) = 0))
A /gs ((Lint(a) = Teat(m)) V (Joag () (Leat(m)) = 0)).

ext

3.3.3 From 3.1.2 and the definition of Il’mg,

(Toag () (Iint(a)) = 1) A A\ ((Hine(a) = k) V (Tpag (@) (k) = 0)).
kEZ

3.4.4 From 3.1.3 the semantic 2.2 of Tjeq and Ly,g,

g (z) = [Lint(a)]

The reverse direction is shown similarly.
Hence, 3.1 is valid.

3.2 for Lygg = x #y, if I |= Sy4(Lpag) then I' |= Ly, (and vice versa).
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3.2.1 From definition of Sy4(Lpag),

TLf(G2)(Lint (awiy)) # qu(Gy)(Iint (awiy))

3.2.2 From 3.2.1 and the definition of Iéag,

Ibag (Q?) ([’Lnt (awgﬁy)) 7é Ibag (y) (Iznt (aa:;éy))

3.2.3 From 3.2.2 and the definition of Il;ag,

3k € Zlpag () (k) # Toag(y)(K)

3.2.4 From 3.2.3 and the semantic 2.2 of Lyqg,

Thag () # Tpag(y)

The reverse direction is shown similarly.
Hence, 3.2 is valid.

4.1 = (Tint, I},,) = Sud(F?)
Proof: by 1, 2, and 3 above.

5. C.1
Proof: by 4 and the definition of I’.

5 Implementation

To obtain efficient solving times, we implemented several optimisation of the
procedures described in the previous section. We describe these optimisations in
the next subsections. It is important to understand that our decision procedure
being based upon an SMT solver, we want our output formula to be as friendly
as possible. However, we try to keep our computation time as small as possible
too. The challenge is to understand when we should increase our computation
time in order to decrease the computation time of SMT solvers. As shown by
our benchmark, the SMT solvers are very efficient when dealing with standards
operations (for instance, convert a formula in CNF), hence we do not modify
our formula form. However SMT solvers computation time increases with the
number of atoms in the input formula. As a consequence it is interesting to
reduce this number by our reduction procedure, if it does not increase too much
our computation time (see Section [5.4)).
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5.1 Unitary Bag Optimisation

Many atoms are added in steps 2-4 due to Lygg and L,,;,; more precisely, their
number is linear in the number of variable in Vj,; and Vi.q. To reduce this
number, we rewrite the formulas in the left side below to the right side formulas
which add less variables and conjunctions in steps 2-4:

[a] C x ~sat AET
Bl £z~ adw
maz([a]) = a
min([a]) = a

In 5S4, a € x does not add any conjunction to the formula, hence the output
have fewer atoms than the equi-satisfiable one with [a] C z. As a ¢ z does
not add any variable to V;,; fewer atoms will be conjuncted during S4 than
with [a] € @ Same can be said about maxz([a]) and min([a]) where step 2
adds a fresh variable to V,; and step 4 conjuncts many atoms. Notice that the
rewriting can be done without any increase of computation time, as it is just a
different rewriting of an already existing literal.

5.2 Bag variables creation

In step 2.4, every bag atom Ly, of F, 5 using more than two bag variables for
operations #, C, ¢ and more than three variables for operation = are iteratively
rewritten to be reduced to the bag atoms in QFBILIA,,,.. However, this rewrit-
ing adds many bag variable which cost a lot of computation time, as we will
have to deal with more bags. Let define a function apply : (Tpag, Vine) — Tint
by:

apply(z, a) = Wz (33)
maz(apply(Ty,y, a), apply(Ti,,, a)) (34)
min(apply(Ty, g, a), apply(Ti, g, @) (35)
(36)
(37)
(38)

apply(Tyo, U Tinys @

apply(Ty,y: a) + apply(Ti,,, a)
maz (0, apply(Ty,,, a) — apply(Ti,, a))

)
)
apply(Tyay N Tiygs @)
apply(Tp,q ® Tiny, @)

)

apply(Tyay \ Thog: @

Then we can extend S4:

S4(Tb1ag = Tb2ag) £ /\ (apply(Tblag7t) = apply(Tang7t))
tevs

ele

while preserving equi-satisfiability. Same can be done for #,C, ¢ operators.
This rewriting allows us to skip the step 2.4.
5.3 Integer Element Optimisation

A QFBILIA formula might have pure integer variables, i.e., integer variables that
are not involve in any bag, mix or extremum literals. Such variable does not
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have to be consider during the counting abstraction as they do not constrain

any bag, hence we can reduce the cardinal of V3,

Definition 9. Let a formula F in QFBILIA let two variable u, v in Vi (F) U
Viag(F) then u operate with v, denote u = v, iff exists | in L(F) where u and v
are in Vipe(1) U Vigg(1).

u2v<= 3l € L(F),u,v € Vi (1) U Vigy(l)

Definition 10. Let a formula F in QFBILIA , Vope(F) is the set of integer
variable:
Vope(F) = {a € ‘/;nt(F)|3m € %ag(F)ya = y} U Veat

and

< VOPG(F) >= {a € Vope(F)Elb S VOPQ(F),G hal b}

Proposition 7. If V3_ is redefined (step 3-4) as V3, =< Vope(F) > then (i)
Property 3 is still valid, and (ii) Property 4 is still valid.

Proof. The proof is the same as before because the only difference is the absence
of useless w. O

5.4 Benchmark

Our solvers takes as input problems written in the SMTLIB format [2] for the
theory of bags and sets.

We applied it on a benchmark of 295 problems generated from verification
conditions generated by [4] for programs manipulating data structures like lists,
binary search trees, AVL, skip lists,.... All problems take less than 1 sec to be
reduced to the base theory (QFLIA or QFUFLIA).

6 Conclusion

We defined the logic QFBILIA to express constraints over bags of integers. We
then presented two decision procedures for QFBILIA. The main flow of our work
is that we were only able to be determinist because we were working with bags
of integers. Moreover the efficiency of our decision procedures rely on the SMT
solvers upon which we are working.
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Appendices

SMTLIB2 Syntax

Constraints SMT-LIB2
—p (not p)
PAgq (and p q)

PV (or pq)
P=q (=>pq)
a+b (+ab)
a—b (—ab)
itepab (itepabd)
mazx(a,b) (mazx ab)
min(a,b) (min a b)
a<b (<= ab)
a<b (< ab)
a>b (>= ab)
a>b (> ab)
a= (= ab)
a#b (neq ad)
L] (bag @)
[a]™ (bagn a n)
[ emptybag
rUy (bagunion x y)
Ny (baginter x y)
TWy (bagsum x y)
x\y (bagminus x y)
T=y (= zy)
T Fy (neq z y)
xCy (subset x y)
zCy (subseteq x y)
zZy (nsubseteq x y)
TEY (in z y)
r ey (inn x y n)
zdy (ni z y)
itepxy (ite p x y)
max(x) (bagmaz x)
min(x) (bagmin x)
T<y (<= zy)
x>y (>=zy)
>y (> zy)
<y (< zy)
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